REPRESENTATIONS OF THE GENERAL SYMMETRIC GROUP AS
LINEAR GROUPS IN FINITE AND INFINITE FIELDS®

BY
LEONARD EUGENE DICKSON

1. In a series of articles in the Berliner Berichte, beginning in 1896,
FroBENIUS has developed an elaborate theory of group-characters and applied
it to the representation of a given finite group G as a non-modular linear group.
Later, BURNSIDE $ approached the subject from the standpoint of continuous
groups. The writer has shown ] that the method employed by BURNSIDE may
be replaced by one involving only purely rational processes and hence leading to
results valid for a general field. The last treatment, however, expressly excludes
the case in which the field has a modulus which divides the order of G'. The
exclusion of this case is not merely a matter of convenience, nor merely a limi-
tation due to the particular method of treatment; indeed,§ the properties
of the group-determinant differ essentially from those holding when the modulus
does not divide the order of G'.|| Thus when G is of order ¢!, the general
theory gives no information as to the representations in a field having a
modulus = ¢, whereas the case of a small modulus is the most important one
for the applications.

The present paper investigates the linear homogeneous groups on m variables,
with coefficients in a field #, which are simply isomorphic with the symmetric
group on g letters. The treatment is elementary and entirely independent of
the papers cited above; in particular, the investigation is made for all moduli
without exception. The principal result is the determination of the minimum
value of the number of variables. It isshownthatm=¢g—1lorm=¢—2,
according as F' has not or has a modulus p which divides ¢ (§38-21). There

* Presented to the Society (Chicago), March 30, 1907. Reoceived for publication April 17,
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outstanding case in which the modulus divides the order of G, these Transactions, vol. 8
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is a representation on ¢ — 1 variables, except in the trivial case ¢ = p = 2 (§ 2);
while for any field having a modulus which divides there is a representation
on g — 2 variables, except in the special cases ¢ = 4 (§ 4).

The determination of the possible representations is made for a case consider-
ably more general than the special one found to be sufficient in establishing the
minimum value of m (cf. § 11). We thereby gain a better insight into the
nature of the general problem. The question of the equivalence, under linear
transformation, of the resulting linear groups is treated in §§ 22-24.

The most essential point in the proof leading to a minimum for m may be
seen in a typical case in § 18. After the preliminary normalizations, the trans-
formations involve two sets of parameters. With these we form two rectangular
matrices A, B. Then the conditions on the parameters are equivalent to the
condition that the product 4 B shall equal a known matrix M. The represen-
tation on m variables is thus possible if and only if the elements of the two
matrices 4 and B can be determined in the field so that AB =M. The
problem is thus reduced to a simple question of determinants.

2. The symmetric group S,, on ¢ letters is isomorphic with the group of the.

transformations
(1) m: =, (a’s a permutation of 1, - -+, ¢).

In place of , we introduce the new variable

(2) 0= + -+,

and then suppress . According as @ = g or @, = ¢(t < gq), we get

8) x; =, (a's a permutationof 1, ---, g—1),.

(4) By = — gwj , Xi= 2, [thea: (i 4 t) apermutationof 1, - - -, g—1 with a; omitted ]..
j=1

Except when ¢ =2 and the coefficients are taken modulo 2, (4) is not the-
identity 7, and the isomorphism is simple. Henceforth we shall take ¢ > 2.

8. The transformations (1) leave invariant (2) and
(5) wz=zw.'mj’ w3=zm.'ij]‘ (iyj)k=l)""4;i<j<k“')°

Eliminating x, from o, by means of (2), we get

g-1
®, = (Oiz:lw‘—- ¢q—l’

where
(6) b =Xo}+ T, (4,5=1,- ¢—1;i<j).

Hence ¢ is an invariant (in fact, the only quadratic invariant) of the group of
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the transformations (3), (4). Kor the new variables

(7) y?"'1=w1—1’ yi=wi_wq—l (i=1, -, —2),
we have ,

-
(8) ¢,_1(w)=¢,_2(y)+qy,_1§_ly,-+ 39(g—1)y_,.

‘We assume that the coefficients of our transformations and invariants may be
reduced modulo p, where p is any fixed divisor of ¢. If p is odd, or if both p
and ¢/p are even, the second member of (8) reducesto ¢ _,(y). The possibility
of this reduction of the number of variables follows directly from the fact that
the discriminant of (6) equals ¢.

4. We next discuss the nature of transformations (3), (4), when expressed on
the variables (7). We show that if the coefficients be reduced modulo p, a
divisor of ¢, then y,(k<<q—1) is a linear function of y,, -, Y,se Now
Yr =%, —x,_,. For (3), this equals x, — @,,_, and hence, by (7), equals a
function of.the y,(¢ < ¢ —1). A like result holds for (4) if ¥ and ¢ — 1 are
both distinet from ¢. If k=t or if ¢ — 1 =¢, y, involves ¢ ='s with like sign
and hence equals a function of the y’s in which the coefficient of Y 18 E£gq.
Hence S, is simply or multiply isomorphic with a linear homogeneous group
L, , , on g — 2 variables modulo p. The substitutions of S which correspond
to the identity in Z form an invariant subgroup J of S. For ¢ > 4, J is the
identity or else it contains all even substitutions on the ¢ letters. But for
9>4, [2,2,%,] ~ [¥,4,4,] s0 that the isomorphism is simple. For q=3,

[zlwzws] ~ 1, [z2,] ~y = — Yi»

so that L, , is of order 2, and the isomorphism is (8,1). TFor ¢g=4,

(@2, ][2,2,] ~y, = —y,, Yo=—2y,—y,;

[x,] [@2;] ~y; = —%h— 2y, Y= —1;

(2] ~[nwm],  [wm]l~yi=—v,  vi=—y+y,.
Hence §,, is simply isomorphic with L, ,, but has (4, 1) isomorphism with
L,,. Moreover, S, cannot be represented as a binary group in a finite or
infinite field having modulus 2. Indeed, the transformations of period 2 are
conjugate with (] {), which is commutative only with (22). The square of the
latter is (' %). But a*=1 requires a=1 in any field with modulus 2.
Hence there is no binary ‘transformation of period 4 commutative with (! ?),
whereas S,, has a cyclic subgroup of order 4.

THEOREM. For ¢>4, the symmetric group on q letters is simply iso-

morphic with a linear homogeneous group on q — 2 variables with integral
coefficients taken modulo p, where p is any integral divisor >1 of q. For
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q =4, the result holds if p =4, but not if p=2. The case ¢ =3 is excep-
tional since a unary homogeneous group is commutative.

5.* If p is an odd prime dividing ¢, the group L,_, , has (§ 3) the invariant
¢,,(y) of discriminant ¢ —1= —1 (modp). Hence the invariant can be
reduced by a linear transformation with integral coefficients to

e\ [(—1)(2)"
o) Y.=yi+ -+ v+ e, (§)=(7_)(z3)°

According as € is a square or a not-square in a field #', the group defined by
the invariant ¥, is called a first or a second orthogonal group in #'. In par-
ticular, for the GF [p*] the group is a first or second orthogonal group
according as

o G

Next let p = 2. The quadratic form

(11) Q2m=253+zgxfj (4, 7=1,---, 2m; i<j)
can be reduced by a linear transformation with integral coefficients to
(12) ‘f:;éEl§2+”'+£2m—1£2m+c(gf+fg)’

where ¢ = 0 or 1 (mod 2) according as 2 is a quadratic residue or non-residue
of the discriminant 2m + 1 of @, . For the GF[2"], f, can be reduced to
J, if and only if n be even. The group defined by the invariant f| is called
the first hypoabelian group ; that defined by f, with £ &, + £ + £ irreducible
is called the second hypoabelian group. Hence the group defined by the
invariant Q,, in the GF[2"] can be transformed into the first or second
hypoabelian group according as

2 n
(13) (m)=+107‘—1.
Next, £2 + @, can be reduced to £] + f;, since the operation
E=6+E8+E,  E=E (i>0)

replaces & + f, by & + f.,,. Now for p =2, ¢/2 odd, the analysis in §3
failed to exhibit a quadratic invariant for the group on y,, - -+, y,_,, but led to
the invariant ¢_,(y) + y;_, for the group on y,, -.-,y,_,. Hence the latter
group can be transformed into one with the invariant

Yo+ ¥Yet -+ Y 3Y,et+ y:—x'
* The results of §§ 5, 6, are not employed in the subsequent sections.
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By an elementary discussion (the writer’s Linear G'roups, p. 200), the group is
seen to be simply isomorphic with an abelian linear group on ¢ — 2 variables.
An independent proof follows from § 6.

THEOREM. There exist representations of the symmetric group on q letters
as linear homogeneous groups as fdllows:

(1) for q odd, a first or second hypoabelian group in the GF[2"] on ¢ — 1
variables, according as (2/q)*= +1or —1;

(ii) for ¢ =4l > 4, a first or second hypoabelian group in the GF [2"] on
g — 2 variables, according as [2/(¢—1)]"=+10or —1;

(iii) for ¢ =41+ 2 > 2, an abelian linear group in any field F, having
modulus 2 on ¢ — 2 variables.

By considering the monodromy group of the equation for the bisection of the
periods of certain abelian functions, JORDAN has shown (7raité des Substitu-
tions, p. 364, § 498) that the symmetric group on ¢ letters is simply isomorphic
with an abelian linear group modulo 2 on 2% variables, % being the greatest
integer in- 3 (¢ —1). The exceptional character of the case ¢ =4 was over-
looked. The theorem obtained above shows that if ¢ 4= 4/ 4 2 the abelian group
may be taken to be a hypoabelian group.

Additional properties of our linear groups may be obtained by employing the
further invariants * (5). Proceeding with o, and w, as we did with », in §38,
we obtain functions independent of y__, if and only if p = 2 and p = 3, respec-
tively. Thus for p =2, 3, the group L,_, , has the respective invariants
14) ZYiYes ZYi%Y (i ky1=1, -, ¢—2; j, k, I distinot; k<1).

6. The fact that the symmetric group on 2k letters (24> 4) is simply
isomorphic with an abelian group modulo 2 on the variables £, , (i=1, - - -, k—1)
may also be shown by the following correspondence of generators :

[12] ~L;, [28] ~ Ly, [34] ~Vy, [45] ~ Ly, [56] ~ V), -+
[20, 20+ 1] ~L, [20 41,204+ 2] ~ Vs -+
[2k—-2,2k—1]~L,_,, [2k—1,2k]~L,_,,
in which the Z’s and V’s alternate. Here
L;: §E=E+n; Li:n,=n+E&;
Vi=Vin=n+E+E n=n+E+E.

Since each transformation is of period 2, and ¥V is commutative with L, L;,
V., while L; L, and L,V are of period 3, the above transformations satisfy

*Jf we assume that the variables, as well as the coefficients, are integers taken modulo 2,
then the group L,—s, 3 has, for ¢ =8¢ -} 2, the invariant

Sy + Sy hd b l=1...,9—2;$<J<k<D
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MOORE’s set * of generational relations for the abstract form of the symmetric
group. If we transform by Z, L, ... L,_,, we obtain the generators

]I[v Lv u’lz’ Lz’ Wzs’ Ls’ ] Lk—l’ ‘Ml;—l’

and hence have a direct generalization of the result for £ = 6 in Linear Groups,
§1118, page 99. Here W ,=S.
For k=4, the group generated by L;, L,, ... has the (single) quadratic
invariant
fl"h + Ez’lz + fs”3.+ gl + Ez + 83 + ’71 + 7)3'
The abelian transformation L, L; L,§,, replaces this by

En + En, + En,.

Hence (in accord with §5) S;, is representable as a first hypoabelian group.
But the total first hypoabelian group modulo 2 oun 6 variables is of order 8!.

THEOREM.} The symmetric group on 8 letters is simply isomorphic with
the total first hypoabelian group modulo 2 on 6 variables.

T. LeMMA. If the direct product of two groups A and B contains @ sub-
group G simply isomorphic with the symmetric group on n letters, then A or B
contains a subgroup of that type.

Let the operations of @ be a,b,, a,b,, ---. Then the distinct a’s form a
group a, the distinet b’s a group 8. The largest group o’ common to @ and &
is evidently invariant in each; the largest group 8 common to B and @ is
invariant in each. As well known, the quotient-groups

G a B
(4.8 & B
are simply isomorphic. By hypothesis, G is simply isomorphic with S,, » = n!.
Hence the only invariant subgroups of @, are itself, the identity 7, the group
@,, of the alternating type, and for n = 4 a “four group” @,. The lemma is
obvious if either o or B is @ itself, or if each is 7, or if each is @,, (whence
n=2). Nextlet a'=@,,, 8 =1. Then G is composed of the operations
of &’ = G, and the products of }» further a’s by an operation b of period 2, so
that G is simply isomorphic with a. Finally, if n =4, and o' = G, then 8’
cannot be of type G, or Gy, s0 that 8 = I; hence a is of order 4! and is
simply isomorphic with G.
*Proceedings of the London Mathematical Society, vol. 28 (1896), p. 357. For
k > 2 the isomorphism is simple in view of his theorem C.
1 For k =5, this abelian group on 8 variables has no linear or quadratio invarians. The sub-
group corresponding to the alternating group on 1, - - -, 10 has no quadratjc invariant.
{For a proof based on other principles, see the writer’s note in the Bulletin of the
American Mathematioal Society, vol. 13, (1907), pp. 386-389.
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8. THEOREM. For q odd, the symmetric group on q letters cannot be
represented as a linear homogeneous group on q — 2 variables with coefficients
in a finite or infinite field F, having modulus 2.

It follows from the theory of canonical forms that every transformation of
period 2 of the generdl linear homogeneous group H on ¢ — 2 variables in F}
is conjugate within A with one of the transformations

(15) & =&, E =&, +E E=E (=1, ri=2+1,.,¢—2),

where » is an integer such that 2r =g — 2, whence » = }(¢ —8). The
matrix of (15) and the matrix of the general transformation of A commutative
with (15) may be given the compact notations

I 00 400
(16) IT 0, C A D,
00I EOB

in which each 7 is a unit or identity matrix, each O a matrix all of whose ele-
ments are zero, while 4 and B are square matrices of orders » and ¢ — 2 — 2r,
respectively.

Suppose now that A has a subgroup @,, of symmetric type. We may
assume that the latter centains a transformation (15) corresponding to the trans-
position [7,,], and that the group K of the transformations (16,) contains a
subgroup @, , ® = (¢ — 2)!, simply isomorphic with the symmetric group on

ly, -+, I,. The group K has the invariant subgroup o/,
I 0 O 4 0 0

J: C I D, Q: 0 4 O,

E 0 1I 0O OB

the quotient group K /J being simply isomorphic with ¢). The largest group
common to J and @, is invariant in the latter. Now every transformation of
J is of order a power of 2. But, for n % 4, S,, contains no invariant sub-
group of order a power of 2. Since g is odd, it follows that &, is simply iso-
morphic with a subgroup of @, and hence (§ 7) with a subgroup of one of the
linear groups 4 and B on r and ¢ — 2 — 2r variables, respectively. Since
1=r=3(¢—8), we bave g—2—2r=¢g—4,and, if ¢=5,r=¢—4.
Hence the theorem follows by induction from ¢ — 2 to g, it being obviously
true for ¢ = 8, since a unary homogeneous group is commutative.

For ¢ even, we apply the preceding theorem to the subgroup leaving /, fixed
and obtain the

CorOLLARY. For ¢ even, S,, cannot be represented as a linear homogeneous
group in F, on ¢ — 8 variables.
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The preceding theorem and corollary form a sequel to the results of §§ 2, 4
for the case when the modulus is 2.

9. Henceforth we discuss the representations of S,, as an m-ary linear homo-
geneous group in a field # not having modulus 2. Within the general linear
homogeneous group GLH(m, F'), any transformation of period 2 is conjugate
with one of the form II C,, where C, alters only £, whose sign it changes. We
thus assume that the transposition [12] corresponds to C,C,--- C,. Then
each transposition corresponds to a transformation (a,) with the characteristic

determinant
7) la—pI|=(—=1—p)y(1—p)"

To [34] corresponds a transformation S commutative with C, ... C.. Trans-
forming §= 8, ., S,y ... »bya transformation of type 7, ., T}, . .., we
obtain a product of » of the C;. Hence*

18)  [12]~C G [341~C O+ Cpy (0Z0<r).

Since [18][24] is commutative with [12][34], we get

a B
[181[24] ~ RS, ssnms B=(]5)s

where a, ..., & are square matrices of order » — s, a affecting the variables
€., E,and & the variables £ ,---, £ _,. We may obtain [14][23]
by transforming [13][24] by [12] or as the product [18][24] - [12][34].
Identifying the two results, we find that « = 8 = 0, and that S is commutative
with C ... C,. Also By=yB= I, since R?= 1. Hence

(1830241~ (g §) S Shcsrm

We may take =1, §=C,---C,, § = C,_,,, -, by transforming by

(B)r+l,...,2r—‘s 1:, veey 8 T;r—:+l, vee,m
where 7" and 7" are suitably chosen. Then (18) are unaltered, and

r—i—o

(19) [13]E24]~01~--0,1:I:($.+.~E,+.-) II G, i (000 0=r—0).

The number of factors in the final product must be » — s — o since the number
of roots — 1 of the characteristic equation is 2r — 2s, [13][24] being con-
jugate with [12][84]. By (18) and (19), we have

r—s r—2—0o

(20) [141[28]~ C,--- C L (5iv) T G

* The terms C, -- - C, are to be suppressed in the case s—0. Similarly below. For the case
¢= 23, here excluded, we may proceed as in ¢ 16, with k¥ =0.
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In applying (18) and (19) simultaneously, it is convenient to have the
variables separated into the sets £, , - - -, £, , where

hWw=1,..,0; 5, =041, ...,8; =841, .-, 7;
(21) i,=r4+1,---,2r—s8; i, =2r—s+4+1,...,8r—2s —0o;
tg=8r—2s—a+1,-..,m;
the set £; not occurring if ¢ = 0, etc. Then (20) may be written

e 1)~ (- DuD(_7 Tp), - DulD

Let [28] ~ K= (x,),a,b=1,-..,6. Since K is commutative with (20'),

(%, O Ko Ky Ky O]
(0] Kyy Kyg —Kyp O Koy
K- Ky Ky Ky Ky Ky Ky
Kyy — Ky Ky Ky Ky — Ky
Ke Ky Ky Ky O
L O Ky Ky —Ky O Ky

Now |14] may be obtained by transforming [23] by [18][24] and also by
multiplying [23] by [14][23]. Equating the results for the corresponding
transformations, we get

Ky = Ky = Ky == Ky == Ky = Ky = Ky =Ky =0, Kyy = — K-

Hence, setting x = «,, we have

0] Ky, Kk, O

Ky, K —K K
@) K=UV, U=| " ® , V= ("n "w)
Ky —K K Ky Koz Koo /12,40
O x& ,‘53 0 6, G, b %
We shall employ the symbols
(23) p= :'3 } y V= KKy
53

to denote the square matrices of order » — s defined as follows : The first o rows
of p are composed of the elements of «,, the remaining » — s — o rows are
composed of the elements of x,; while » is formed by annexing columns. By
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combining the sets of variables £ and £, into one set £;, ,, we have
K —K 14
24 U=|—«x « v

Boop 0/fig i
Hence U*? = I if and only if

(25) pv =31, =31
Now [12][28] is of period 8. Hence must
(26) (Copr -+ CVP=T

and (CU)P =1, where C=C,..-C,C,,,---C,. For U given by (22), the
conditions for (CU)? = UC are seen to be

(27) 2k 6 =—K

1y 2Kk = Ky, 26K, =— Ky, 20Ky = Kyyy KyyKy — Ky Ky =K.

The first two of these conditions give
(28) pre = Sy,

where & is a square matrix all of whose non-diagonal elements are zero, while in
the main diagonal the first o elements are — }, and the remaining r — s — o
elements are + }.

We next normalize the linear group by a transformation of variables. We
multiply all matrices on the left by M and on the right by M—', where
M= (p),(pn),. Evidently (18)~(20) are unaltered. Then (24) becomes a
matrix in which «, 4, v are replaced by uxu—"', I, uv, respectively. Hence
by (25,) and (28), the new U is

5 —8 I
(29) U=| -8 & I
I 1 0 3,44, 41, 5

The remaining conditions (25,) and (27) are seen to be satisfied. The charac-
teristic equation of (29) is seen to have — 1 as a root of multiplicity » —s + 0.
Hence by (17) that of ¥ has — 1 as root of multiplicity s — o.

THEOREM. In every representation of the symmetric group S,, as a linear
homogeneous group in a field not having modulus 2, we may, after a suitable
trangformation of variables, take the correspondence of gemerators to be
(18)—(20) and [28] ~ UV, where U is given by (29) and V i3 a trangforma-
tion Vi, o subject to condition (26) and having —1 as a root of multiplicity
8 — o of its characteristic equation.

10. A transformation is commutative with (18), (19), and UV if and only
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if it has the form
4 0
(39) TiaT‘4T‘1,5Q"2R‘s’ T= ( O»-B) ?

where A4 and B are square matrices of orders o and » — 8 — o, respectively.

Ifg=6,let [66 ] ~ S. By transforming the linear group by a transfor-
mation of type (80), we may express S as a product of C’s, without disturbing
the earlier correspondences. Hence we may set

LAl [} (4] T4
(31') [56 ] ~ l_]l: Oa+¢ Cr-n 0¢ : ‘Il 0.+a+s 0r+v¢+¢ Ozr—a+¢ . g 0¢,+4 . g C&'—Z&+¢r+“
where
82) 0=¢,=o0, 0=0,=r—s—o, So,=s—o, 0=0,
(38) 8(o,+0,)+o,+o,=r.
Now (18)) and (81) have 20, + o, + o, factors C' in common, while the
products (18) have s factors in common. Hence

39 20, + 0, + g, = s.

11. The main object of the paper is to determine the minimum number of
variables upon which the symmetric group S, can be represented. For this
purpose it will be seen (§§ 19, 20) to be sufficient to know the representations
in the case 7 = 1, whence s =0. We shall assume merely that s = 0, as the
specialization of » does not materially simplify the discussion.

For s =0, we have 0 =0. Then V= I since V?>= I and since all the
roots of the characteristic equation are 4 1. Hence

(85) [12]~C;---C,, [84]~C,,---C,, [28] ~ U,...50
the matrix of U being given by (29) for 8 = }7. Hence
86) U,..o: =&+, E,=E+0, E;r+¢= bori — 20, (i=1,--47),

(37) o, =—3— 3¢, + 36 o; = — o, under U.
In §10 we now have 0, =0, =0,=0,0,=r. Henceif ¢ =6,
(88) [66]~C,.,, - C,.

Since [36][45] is commutative with [12] and [84][56], and since its
transform by [66] and its product by [34][56] both equal [85][46],

we have
(4]
[36] [45] ~T= Al,...,rBr-i-l,...,zr,8r+l,...,4ro’ B = (B..x g)’

where B is a square matrix of order r, and

(89) C=(v,), C'=I (ij=2r+1,-,3r,4+1,---,m).




132 L. E. DICKSON: [April

Transforming the group by (8)s,, ... 4, we may set 8 = 1. Then the charac-
teristic determinant B, of B equals (p*—1). If A4, =0 has ¢ roots —1, then
C,=0 has r —¢t roots — 1, since [ 36][45] is conjugate with [12][34].
Then [12][86][45] has »r — ¢ + r + » — ¢ roots — 1, but is conjugate with
[127[34][56 ] with 3r roots —1; hence t=0, A = 7. Thus

(40) [36][45] ~ T= !Z_Il(g,ﬁgw) C (G with r roota —1).

Let [46] ~ L. We shall determine L by a device which brings to light
its essential properties. The product

[36][45]-[28]- [34] - [66]
transforms [23] into [45]. Let K=C,, --.C,C,,, ---C,. Then the

r

product P = TUK transforms U into L. Hence P! = KUT replaces the
invariants of U by invariants of Z, and replaces w,, given by (37), by a fune-
tion which Z must multiply by — 1, namely,

Ti=— *E. - i’Er-H - i‘fz}ﬁ + %Esﬁ. +3 ;172r+¢, 2r+j( fj - Er+j) +3 J_%:“ Yar+4,5 Ej’
Applying P! to the invariants £ ,; + }o, and £, ,, of U, we get

— &+ 37 o (i=1,---,r).

Since C replaces Xy £ by £ by (39), P replaces the invariants

r m
2 Vs (Ery— @) + 2 vy (i=2 41, 3r, 401, -, m)
J=1 J=4r+1

of U by the following invariants of L :

(41) gi—gﬁ‘_§7%+"2'+j'rf(i= 1,..,7), ff—,z_;'y"?w"j (i=ar+1,--, m).

Since [45] is commutative with [12], Z must be commutative with C, . . . C.
Hence L replaces £, ---, £, by functions of the same, while the function by
which L replaces £ (¢>r) is independent of £,,..., £. Hence by the
invariance of @, - - -, @ , L leaves fixed £, - - -, £,. But Z must multiply each
7, by — 1; hence the 7, are independent of £, - .-, £, so that

(42) Vorit, 2046 = 72r+;,2r+j=0 (i, 5=1,---, r;idej).

Suitable linear combinations of the above invariants of L give

& Er+s+§"v fMi—Er-H’ eﬁ;—‘;"’} (¢=1,---,r).




1908] SYMMETRIC GROUPS 133

In view of these and (41,), the explicit form of Z is

(43) 8‘5'+.'=7'." 8E2r+i=-ri’ 8€3r+i=—7i(i=1"“’r)’ 8§;=—2;'Yt,zr+j7'j
(i=4r+71,~-,m),

(44) T=—3%,, — i’fzﬁ. + %§3r+i + %j=§;rl'72r+t,j§j’

where 8¢ = £ — £. Now L actually multiplies each 7, by — 1 if and only if*

m

(45) 2172r+'i,j'7j,2r+k= i’b‘,’k (i,k:l,'-~, T),

J=art

where, in KRONECKER's notation, 8, =1, 8, =0(i % k).

Since L was shown to leave each o, invariant, and since U evidently leaves
each 7, invariant, L and U are commutative. Since LC,  ---C, and
LC,,,---C, replace 7, by £ . and — £, .., respectively, they are easily seen
to have period 3. Hence the correspondence given by (35), (38), and [46]~ L,
define a simple isomorphism between Sy, and an m-ary linear group.

12. We may now readily treat the case when g is general :
(46) g=4k+«’ (0=w < 4).

By the proof for [56], any transposition [ ], ¢ >4, j > 4, corresponds to a
transformation on the variables £, (£ > 8r). Hence we may set

[56]~MChpiy  [6T]~Tssoor  [18]~ T,y
[9,10]~TCypsy [10,11]~Tps... s [11,12]~ 1O,y
[46—8, 46 — 2] ~ T Cp s [4—2, 4 —1]~Upppur.....50r0

[4k—1, 4c] ~ T Cou_syrpes

where for each product i =1, -..,». Each of the « ¢ triples”'(35) and (47)
defines a simple isomorphisin between the symmetric group on four letters and
a linear group on 3r variables. It remains to insert the connecting ¢‘links”
[45]1 ~L,, [89] ~L,, ---, and when & >0 in (46) to extend the series
beyond these & triples (§§ 14-16).

In § 11 the only normalization was the transformation by (8)y41,...,s- We
here accomplish this normalization by transforming the linear group by

(B)3r+l,...,4r(B)4r+l ..... &(B)Sr+l,....6r’

and hence preserve the correspondences (85) and (47). Then L, is given by
(483), subject to (44) and (45). Now L, must be commutative with all the
transformations (47) except the first. Thus Z, does not affect the variables

(47)

* These conditions aleo follow from (39) and (42).
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£ (i=6r+1,..., 8«r), in view of the triples other than the first, nor
E£(i=4r+1,...,5r),in view of [78]. Finally, L, must be commutative
with U=U,,,, .. - The necessary and sufficient conditions are that U leave
unaltered each 7, and that L, leave unaltered the functions

—%£Mc—%gb+o+%ear+g (i=1,-,r),
which U multiplies by — 1. Hence

(48) Var4s, br45 = isij ’ Vorts, 2r45 = %8‘7 (6,5=1,---,r)

Then relations (45) become

(49) > Vor+4,5 Vs or bk = 38, (6 k=1,-yr).
J=38r+1

In the final terms of (43) and (44) we may restrict ¢ and j to the values
8kr+1, ..., m, provided we insert the term }£,  ;in (44), and 8¢ , = — 7
in (48).

We next exhibit L, in a notation better suited for the further discussion.
We set

m = 3xr + p, T = Tas Vacr+i 34§ = i’ﬁm, Varts,serti = %00
fori=1,...,p;j=1,...,7. Then

Ly: 8.,,=8,,=m, &, =8, =—7 (=11,

sfuﬁa=_gﬁm7ﬂ (i=1,--+, p),
Ta= — %Eﬁi - iEH. + %Es,q.; + iEm; + *jz—:lawea‘ﬁj (i=1,-<r),
;aivﬁjkl=28& (i, k=1,---,r).

The link [ 4¢, 4¢ + 1] ~ L, may be obtained from Z, by adding 8(¢t —1)»
to the subscripts = 3«r of the £s. Hence, fort=1, ..., —1,

(60) L,: 8y g4 =0y 1y =Tus OEuii = qinyri=—1T; (i=1,--4 1),
8£&tr+j=—§lﬁju'ru (=1, 1),
"~
(51) Tu=— 3Egnrri ™= i+ i + g+ 3 ; iy ‘fanrﬁ’

"
(52) jz—lawﬁﬂ“=28“ (i k=1,---, 7).

Now L, and L, are commutative if and only if each leaves fixed the 7, func-
tions belonging to the other. According as s =¢+ 1 or s > ¢ 4 1, the condi-
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tions are, respectively,

" "
(63) j{.‘iauﬁ; Bju =0, ; awﬂﬂaﬂ =3,,
u ®
(54) Zawﬁm= 0, ;awﬂﬂa=0 (s=t+2),
J=1 =

holding for 8, t =1, ..., 6 —1; i, k=1,..-,r
13. The product of the two matrices
(55) A,;= a.'g)’ -B),=(Bjkg) (t=1, -, x—1;j=1,---,4),

the first having x — 1 rows and u columns and the second having u rows and
& — 1 columns, is a square matrix of order x — 1:

"

(66) P, = (mi), Wf’{ajz-lawﬁm (¢, 1=1, -+, k—1).
In view of (52)-(54), we have -

= 20, e = Tien = 8y, Th=mh=0 (s=t+2).

Hence if i 4= %, P, is a matrix O all of whose elements are zero. Also each
P, is the matrix

2100 ..0000
1210 ..0000
(57) P=|. . . . . .,
0000 ...01 21
0000 ... 00 12

the elements in the main diagonal being 2, those in the adjacent parallels being
1, and all the remaining elements being 0. If we set |P|= A,_, and expand
according to the first row, we have

A«—l = 2Ax—2 - A:p—S’
whence, by induction, A, ; = «. As in (23), we set

4, .
(68) A=:%, B=B,..-B,.
A"
Since 4, B, = P, we have
P O ... 0
(59) AB=|- -+ + : |, |AB|=v«.

First,let » <(# —1)r. We convert matrices 4 and B into square matrices
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of order («x — 1)r by adding columns of zero elements to the former and rows
of zero elements to the latter. In view of their determinants, we have 0.0 =«".
Hence the field " must have a modulus which divides «.

Next, let u < (¥ — 2)r. Drop the last row of each A4, and the last column
of each B,. Let A and B then become A* and B*. Hence

P 0o ... 0
(59.;) A‘BO= . . . . . , lA‘BO|=(K_1)r,
0 0 LY P

where P is obtained from P by deleting the last row and last colump. Thus
| P'|=A,,=x—1. We convert 4®and B’ into square matrices of order
(x — 2)r by adding columns of zero elements to the former and rows of zero ele-
ments to the latter. Hence 0.0 = (« — 1), in contradiction to the preceding
case.

Tuaeorem. For g = 4k we have p = (k — 1)r or p = (k — 2) 7, according
as the field does not have or has a modulus which divides «.

By §§ 2—4 the symmetric group on 4« letters can always be represented as a
linear group G on 4« — 1 variables; and, if the modulus divides «, as a linear
group G’ on 4« — 2 variables. By notation, 7 = 8xr + u. 1f F does not have
a modulus dividing «, the direct product of » groups G gives a representation
for which the number of variables is (4x — 1)r =m, with p = (¢ — 1)r. If
F has a modulus dividing «, the direct product of ! groups G and » — ! groups
G’ gives a representation for which the number of variables is

(4e—1)l+ (4c—=2)(r—=1)=m, with p=_(rx—2)r+1.

Thus 4 may have any of the values (x —2)r, (k—2)r+1,.... In par-
ticular the limits which the theorem assigns to u cannot be lowered.
The problem of the normalization of the groups is considered in §§ 22-24.

14. Let next ¢ = 4« + 1,and set [4x — 1,4 + 1]~ 8. Then S must be
commutative with the first ¥ — 1 triples (35) and (47), and with 1 C,_,,,.
The variables in the latter are not affected by S in view of the hypothesis of
§11. Hence

(60) S: f('ﬂx—2)r+i = Zl O E(3x~2)r+j (i=1,-..,9),
J=
where v =m — (3« — 2)r. Now

[4" -1, 4"]~P = £I_Il CY(Sx—2)r+t'

Hence
(61) [4k, 46 + 1]~ T= SPS: 84 _gppi = — 212_;0,-,7] (i=1,-.-,v),
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in which 7, denotes the sum (60) for ¢ = ». Next, 7" must be commutative with

Use—syrin,..., et OEsesyrri = 0E(sezyrss = Mis O seiyrsi = — 2N,
A= —3EG i — 3Ee—zyrri + 3Ee—1yr4e (i=1,.-4r),

in accord with (36), (37). But UZT and 7'U replace &, ), by equal func-
tions if and only if 7" leaves A, unaltered, the conditions for which are

(62) a.(i=a-r+ij (i,j:l,‘“,").

Again, UT and T'U replace £, _,, ., by equal functions if and only if U leaves
unaltered the sum in (61). For i=1, ..., », r of these sums are linearly inde-
pendent since the o, form the first 7 columns of the matrix of S. Hence U
must leave unaltered each 7,5 80 that

(63) 0' —20},..‘.‘ (4,j=1,--+, 7).

Next, P must transform 7' into S. The conditions are

(64) S, :1:220' o,=0, (i, k=1, .-, %).

v Ik
the sign being minus if and only if ¢ and % are both = » or both >7». Let
first k =7r, i =1+ ¢, e = r; then, by (62), (64) becomes
2 Z OO0 = Ters
Jj=1
Adding this to (64) for i =€, we get 33,, = o,,. Hence by (62), (63),

(65) O =0y = %8.;," Cirts = i’s‘y (5,i=1,--41).
Then conditions (64) become identities unless ¢ > r, & > r, while then the o,
involved do not occur in (61). Hence we need not consider further the condi-
tions (64).
To make our notations uniform with those at the end of § 12, we set
T= Z:» Ti = — Tixs Corij b = — %Bﬂu O ortj = — i‘aw-

Then the preceding results give
r i=1,---,
(66) T,: 8E(3x—2)r+i = SE(sx—l)r-f-i = Ties 8E3xr+j = - kz_l Igjkx T (;z 1,--- ’ ’

"
(67) T = — $Ese—vyrri — s + 1 ; Ui Eser e
Since 7, must multiply 7, by — 1, we have

(68) 3 2y By = 55, G k=1, -1,
J1

Trans. Am. Math. Soc. 10
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The conditions that 7, be commutative with L, , and L, (¢ <x — 1) are

» "
(69) Z a‘adBjkx—l =d,, Z Ly Bjkx =8,
=1 =1 G k=1, r
2 I3 ( t=1, ey K——2
(70) ;awﬁw= 0, jzlamﬁ_m =0.

We proceed as in § 13, with an additional value # for ¢. Thus in (65), 4,
now has an additional row, B, an additional column, while in (56) and (57)
there is an additional row and column, the new diagonal element being 5, the
element preceding 5 being 1, that above 5 being 1, and the remaining elements
being zero, by (68)—(70). Expanding |, | according to the last row, we get

A, 1 — A ,=b5k—(k—1)=4dc+1.

THEOREM. For q =4« + 1 we have p = kr or p = (x — 1)r, according as

the field does not have or has a modulus which divides 4« + 1.

15. Let next g=4« + 2. To [4x +1,4x+ 2] corresponds a transfor-
mation commutative with the « triples (85) and (47) and hence not affecting
£ (i=1,-.-,8xr). Applying a transformation on the remaining variables,

we may set

(1) [4x+1,4x+2]’~Q=£IC&,+‘.
=1
Since the the latter must be commutative with Z,, we have
(72) aw=0, B\'ﬂ=0 (i’j_—_l"-.’r;t_—-_l"-.’l‘._.l)‘

Since [4«, 4x + 1]~ T,, given by (66), 7,@Q must be of period 8. The
necessary and sufficient conditions are

(73) ;a‘dﬁjkx=28¢k=jz_lajgkﬁ(u (4 k=1,--yr).

Thus || 4 0. We make the transformation of variables

,
f;gr+4=%jzlawfs‘r+4 (¢=1,--,r).

Of the preceding transformations, the only one altered is 7,. For the latter,
88, ,,c= — Ti.- The effect of this normalization is the replacement of condi-
tions (78) by

(74) Bk = S4» U = 28, (Jyk=1,:-,r).
The remaining parameters of our transformations define the matrices

(75) A‘.= a«'ﬂ)’ 'Bi=(Bji¢) (t=1, -y x;j=r41, .., pii=1,---,r).
These parameters are subject to conditions (62)—(54), (69), (70), in which, by
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(72), we may now takej=1r+1, ..., u, and to the conditions

(76) Z aijlm=38m (6, k=1,---,r),

J=r+1
which follow from (68) and (74). The statements at the end of §14 hold here
if we replace 5 by 8 ; in particular, |7| =2« 4+ 1. In applying the argument
of § 13, the two cases to consider are now p — r <«rand p—r < (x—1)r.
THEOREM. For ¢ = 4« + 2, we have p = (x + 1)r or p = kr, according
as the field does not have or has a modulus which divides 2« + 1.
Note that (66) and (67) simplify, in view of (74):

(66,) .7: H 86(3‘_2),..,.‘ = 8&(3‘—1)r+¢ = ‘r{n ’ 853::1‘-{-‘ = — Ty (i= 1) ) r)]

8£8ﬂ‘+j= _kz_lﬁjkk7kx (j=r+1, -1, p),

(67') Tie = — %f(sx—z)rﬁ - if(sg—l)r-;-t + i‘fsgr-a-s + ij_;“ Xis E&("'H'

16. Finally, let ¢ = 4« + 8. Since a transformation commutative with the
« triples affects only £, (i > 8«r), we have

"
(17) [4’c+194’C+3]~E:&xr+i=jz_leij£3xr+j (=1, p).
Then, by (71), -
(78) [4/c+2,4lc+3]~R=EQE:SE&,_H=—21250.(0] (§=1, -+, p),
=1

in which @, denotes the sum (77) for i =». Now @ must transform R into %.
As in (64), the conditions are

(19) 8, =+ 212::legejk=e‘.k (G k=1, p),
the sign being minus if and only if ¢ and % are both =7 or both > ». Set
(80) e=(¢;), e,=e—pl (6,5=1,-, 7).
In view of relations (79) for i, k=1, ..., r, we have

(81) e, = (% +pa)l +fe (f=—t—p—o).
Set A, =|e,|. Taking f=0; we have

(82) A A ,=[+r(=3—P]=1+p)y(}—r)

We next prove* that A, = 0 actually has the root p = }. For a fixed value
of k(k > r), equations (79), withi =1, ..., », may be written

(83) et o+ (e,—2)e+ o +e,e,=0.

* This is obvious if the modulus is 3, since — 1 = }.
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For a fixed value of i(4 > r), equations (79), with k=1, ..., , are
(84) € ll+ +(€ —%)G + - +€'k€",—0

Hence, if A; 4 0, then ¢, =0 (i=r,k>r), ¢, =0 (i>r, k=r), so that
E would be commutative with ¢, and the isomorphism would fail.

It follows that A, =0 has an lfold root } and an (r — )-fold root —1,
where / =1, while / = » if the field has modulus 8. Applying* a transforma-
tion on the variables £, ., (/=1, ..., ), we may, in view of the theory of
canonical forms, normalize e and set

€= 0 (J#1, i—1), ¢=1% E=1,.-,1), ¢=—1(@=l+1,-.., )y
€u=0.

Then equations (79), for i, k=1, ..., r, reduce to

(86) 36"“—1 =0 (i =’= l + 1)’ €161 = 0 (t - 1 ] r)

Let x> 0. Then R must be commutative with 7, given by (66'). By an
argument similar to that with U in § 14, the conditions are that

(85)

(87) R leaves fixed each 7,,, 7, each o, (6=1, -+, 7).

Suppose first that the field does not have modulus 8. Then by (85), (86),
€_,=0(i=2,...,r). Hence (83) and (84) reduce to

(88) €=0(i=l+1,.-.-,r;k>r), €=00@>r;k=l+1,...,7).
Hence X and R are products of I1C,, ,, by transformations not affecting

(89) Exert (F=141, 7).
Then, byt (87), 7, leaves unaltered the variables (89). But, for @ defined
by (71), 7, @ must be of period 3. Hence ! = », and

(90) (e)=13I (5,5=1,--.7)

Next let the field have modulus 8. Then e,=—1(i=r). Suppose that
€;_, % 0 for a fixed value of ¢, 2 =i =~». Then by (86) and (83),

€ 1:i0=0, € =20 (k=r+41,.--,p).

Then o, , = — &, .. ,; so that, by (87), 7, leaves £, .. | unaltered. Then
T, @ is not of period 3, contrary to the isomorphism. Hence eache¢, =0 (i =r),
and relation (90) holds.

- Having established (90), we introduce notations uniform with those of the pre-
ceding sections. We set

B=T,, o,=—"p, &=—1Bu., €¢=—1a, wry (ISr;5>7).

*It x>0, we forego for the present the normalization (74) of T«.
1 To give a direct proof, we note that 7« multiplies each variable (89) by =1, and tha$

% 1=+ 1 by the hypothesis in § 11.
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Then by (78), (90), and the definition of w, as the sum (77),

O1) T,.,: 8y, =Tusr> 8£&r+j=— bz_:lﬁjkx+lrkx+l (=1, -y rij=rtl, -5 ),

"
(92) Tatr1 = — $&pi + ij§l“«+ufsn+j°
In view of its origin, 7|, must multiply 7, by — 1, whence
(93) jzla"ﬁuﬂwxﬂ = 65, (i k=1, -+, r).
=r+

Without altering (90) we may make the normalization in § 15, by means of
which 7, takes the form (66). In view of (87), 7, and 7, , are commutative
if and only if

4 ~
(94) ,;,1 Wy B = 28,4, ,;,;a"“fﬁf"“ =28, (i,k=1,---r).

Finally, 7, ,, is commutative with Z,, given by (50), (51), (72), if and only if

o ®
(95) 2 aix+lijkt=os z aithjh+l=0 (5, k=1, r;t=1,---,x—1).
J=r+1 J=r+1

We proceed as at the end of §15. We consider matrices (75) for
t=1, ..., + 1, viz, with an additional row in 4, and an additional column
in B,, the new elements satisfying (98)-(95). Thus, for. i %, 4,B, is a
matrix all of whose elements are zero; while

(2100 ... 0
1210 ...0

(96) 4B.;=19 0 0 0 0121 of
0000 ... 00138 2
0000 ... 0002 6

a square matrix of order x 4 1, whose determinant equals (§§ 13, 15)
6(2¢ +1)—2°A,_, =2(4« +8).

Considering as in § 13 the cases p — r < (x+ 1)r and g — r < xr, we obtain
the following

THEOREM. For g =4« + 8, we have u=(k + 2)r or p=(x + 1)r, accord-
ing as the field does not have or has a modulus which divides q.

17. Under the hypothesis made in §11 that s = 0, we have exhibited in
§§11-16 the correspondence of generators in any simple isomorphism betewne
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the symmetric group on ¢ letters and an m-ary linear homogeneous group in a
field not having modulus 2, and have obtained lower limits on u = m — 3«r.
The latter results may be combined into the following

TaEOREM. The minimum value of m is (¢ — 1)r or (¢ — 2)7, according
as the field does not have or has a modulus which divides q.

For r =1, the hypothesis s = 0 is satisfied and we have the

CoOROLLARY. In any representation of the symmetric group on q letters as
an m-ary linear homogeneous group, such that a transposition corresponds to
a transformation conjugate with C,, it is necessary that m=gq — 2, while
m = q — 2 only when the field has a modulus which divides q.

18. Principle of duality. If the general m-ary linear homogeneous group
GLH(m, F) in a field F, not having modulus 2, contains a subgroup G{? of
symmetric type, such that a transposition corresponds to a transformation con-
jugate with C, ... C_, then GLH(m, F') contains a subgroup Gt—".

As this is obviously true when ¢ =2, we set ¢ > 2. Then there is no
invariant substitution, so that C'= C, - - - C,, cannot occur in G¢). In particu-
lar, »r <m.

Let the even substitutions correspond to the transformations e,,e,, --- of
G4}, and the odd substitutions to o,, 0,, ---. Then

€r €y o+ 0,C, 0,C, -
are all distinct and form an isomorphic group G~

19. LeEmmMa. The symmetric group on m + 3 letters cannot be represented
as an m-ary linear homogeneous group in a field not having modulus 2.

The proof proceeds by induction from m — 2 to m, the lemma being evi-
dently true for m =1, and true for m =2 by § 17, since then »r =1 by § 18.

Suppose that there is a representation G),;,. By §§17, 18 we may set

(97) 2=r=im, [12]~C, ... C.

Any transformation commutative with C, ... C, is necessarily a product
8,...+S1....m- Hence by §7 the symmetric group on the m + 1 letters
8,...,m + 8 is simply isomorphic with a linear homogeneous group on r or
m — r variables. By (97,),7=m —2,m —r=m — 2. Hence the hypothesis

for the induction is contradicted.

20. Suppose, finally, that the symmetric group on m + 2 letters is represent-
able as an m-ary linear homogeneous group in a field ' not having modulus 2.
If r=1or m —1, F must have a modulus which divides m 4 2 (§17). If
1<r<m—1, we may assume that (97) holds. As in § 19, the symmetric
group @ on the m letters 3, ..., m + 2 is simply isomorphic with a group on »
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or else m — » variables; while by the lemma there proved the number of vari-
ables s =m — 2. For either alternative, it follows from (97,) that » = 2.
Then m =4, so that (§4 or §§17-19) G' cannot be represented on r = 2
variables.

Hence by the proof given in § 7, there remain only two possibilities :

(i) The group @ affects only the variables £,, ---, £_;

(ii) The transformations of G' corresponding to even substitutions affect only
the variables £, ---, £,; while those corresponding to odd substitutions are
products of transformations on &, -- -, £, by a fixed transformation 7', of period
2, on £ and §,.

For case (i), we have (18) with =2, 3 =0. Hence by §17, the minimum
number of variables in a representation of S ,,, is 2m. We may proceed
directly and conclude from [12]~C,C;, [34]~C,C,, [66 ]~ C,C;, - -- that at
least m + 2 or m + 1 variables are necessary, according as m + 2 is even or odd.

For case (ii), we apply a transformation on £, §,, and set T'= C,, since
obviously 7’4 C,C,. Applying a transformation on £, ---, £, , we may set
[84]~C,C,, [56]~C,C,, and, as before, [12]~C,C,. The case thus falls
under § 9 with »=2, s=1. Then by (20) we may set [14][23]~ (§¢,) C,C,C,,
where t=1ifo=1,k=4if 6 =0. Let [28]~W. Since [23] is com-
mutative with [566] and [14][23], we have W= (a),(),8, § affecting
ouly £, &, E,---. Since [12][28] is of period 3, we have a = — 1. If
b=—1,[23] and [56] both correspond to C,C,. Hence W= C,S. It
follows that S, ,, is represented as a subgroup of the direct product of { 7, C,}
and a group on §,, - .-, £, and hence (§ 7) is simply isomorphic with a group
on m — 1 variables. But this contradicts § 19.

Hence cases (i) and (ii) are both excluded.

THEOREM. If the symmetric group on q letters is representable as a linear
homogeneous group on ¢ — 2 variables in a field F' not having modulus 2, then
r=1o0r ¢—8, and F has a modulus which divides q.

21. In view of §§ 8, 19, 20, we may state the complete

TaeoreM. Let F be an arbitrary field. Then the minimum number of
variables for the representation of the symmetric group on g letters is ¢ — 1 or
g — 2, according as F has not or has a modulus which divides g. In the
latter case exceptions arise for q = 4; when the modulus divides g, the
minimum number of variables is 2 for =2 or 8, and 8 for ¢ =4.

22. In order to obtain a clear insight into the nature of the linear groups
exhibited in §§11-16, we shall make a normalization by a transformation of
variables which does not disturb the correspondences (85) and (47). To nor-
malize the L,, given by (50), set

(98) n,,,+.-=jf_;x;,e,.,+, (i=1, -, ).
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Then, under Z,,
(99) 8"3:"-“ =—- ZBm The -kt ng B/kt

Suppose first that the field does not have a modulus which divides . Then,
by §13, u=(k—1)r. Asin (55) and (58), set
e e,
(100) B,=(Bu)s B '=B---Bl (t=1,,k—15j=1,-,4).

Thus (A)B=B. Now |AB| equals the sum of all products of the determi-
nants of order (x — 1)r formed from (x —1)r columns of A by the corre-
sponding determinants formed from («x — 1)r rows of B. But |4B| 4 0 by
(69). Hence, after making a suitable permutation of the variables &, ;, we
may set | B| & 0, where

——

(101) B=§1"'-§,9 Eg=(Bju) [t=1, -, x—1;5=1,---, (,k—1)r],

so that B, is composed of the first (¢ —1)r rows of B,. For the purpose of
assigning an order to the B’s in the jth row of B, we set

(102) Bire = By, (e—tya—1)3¢+
For a fixed value = p of i, the equations
(103) B;u=85 w=1xp—D4¢ (t=1,--, k—1;k=1,-.,r)

uniquely determine A;;, -.-, A; (_;), a8 linear functions of the remmnmg Ay
since the determinant of the coefficients of the former equals | B|. Let ( 7\)
denote the matrix in (98) and

(104) L=(N) [i=1,-,p55=(c—1)r+1,--, u].
‘We have the following relation between matrices of order u:
~ ——
(105) (M (BQ)=(B'L),
where () is a matrix of u rows and u — (x —1)r columns, all of whose elements

are zero,.except those lying in the main diagonal of BO which equal unity, i. e.,

(106) Q= (8‘.’(‘_1),_”) [i=1,--,p;j=1, -, p—(k—1)r].
Hence by (108) and (105),
1 0 ... 0

(107) B = 00 ... 1}, |B’L|=|7\ﬁ[ [i,§=(x—1)r+41, -, ]
0 0 ... 0

Hence, by (105), if we take the last determinant different from zero, we have
|| % 0 in (98).
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We assume that this preliminary normalization has been made, so that in L,
matrix B has the form (107)). Let

A
(108) ‘A‘i=(ailj)’ fi‘= l [l:l,"',K——l;j=1,"‘, ("_l)r]s

r

so that A, is composed of the first (x —1)r columns of A,. Then
A=AB=AB,so0 that A = M, where J is the matrix displayed in (59).
Set

(109) a,=(k—1)(i—1) (=1, 7).

Then the final equations in (50) may be replaced by
853¢r+a‘+¢ =—T, (i= 17 ) r)'

In (51) the terms of the sum given by j =1, ..., (8 — 1) reduce to
%(fsxr+ai4-t-l + 253xr+a.-+t + gzxr+a;+t+l )9
subject to the restrictions noted on (113). Apply the transformation of variables

(110) Maxrss = gsxr-n + 2 x"j 53,"-4.} [i=1, .-, (k—1)r],

J=e=Tyr+1
from which £ =7 — 3A5. Then L, is altered in form and
13
7it(§)=7ic(77)"i’ E a;tjﬂsm'-hf’
J=e—yr+1
ity = Nagreorj F+ Phar s + Moo g

Hence (o' )=2(2), where (\,) is the matrix in (110). Taking A)=M""(a),
we have (a') = (a). Hence the effect of this normalization is to set a,=0
forj> (x—1)r. Finally, we replace
(111) E3xr+a‘+t by E3¢r+(t—l)r+i (i=1, -, r;t=1,..., k—1),
noting that o, + ¢ = a,+t implies i =k, ¢t=1¢. Hence
(112) L, : first four equations as in (50), O ittty =—"Ti (i=1,---,1),

where 7, is given by (51) with the final sum replaced by

(113) }( £(3x+t—2)r+t + 2£(3x+t—l)r+£ + £(3x+¢)f+i)’

the first term being absent if ¢ =1, the third if ¢=x —1. Wae have now
proved, for ¢ = 4«, the following

THEOREM. For any field F having neither modulus 2 nor a modulus
which divides q, all linear homogeneous groups in F', which are simply iso-
morphic with the symmetric group on g letters and which satisfy the condition
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8 =0 imposed in § 11, are equivalent under linear transformation in F' to a
direct product of r linear groups, with fixed coefficients cogredient in the r sets
of variables

(114) & Evis B s B (i=1,---r).

To prove the theorem for the remaining cases, we normalize 7, and T,
simultaneously with the Z,.

First, let ¢ =4+ 1. For 7, given by (66), we have (99) with ¢ =«.
The above proof is to be modified by changing « — 1 to «, allowing ¢ to take
the additional value x, and by taking as M the matrix defined at the end of
§14. We find that Z, is given by (112), with no suppression in 7, when
t=«x—1, and that
(118) T.: 8 syyi= sf(s.—nru = Tixs sz(u—l)r-i-t =—="Ty (i=1,-7),
(116) i = — 2Eseors — tEe—tyris + Fueaye + FEue—rrte

For g =4« + 2, we apply transformation (99) with ¢, j=r+1,..-, s, and
modify the proof in the light of § 15. In particular,t=1,...,x,andj>r
in (100), (101). Hence
(117) L,: first four equations as in (50), 8 ipriu=—7Ty (i=1,-:47),
where 7, is given by (51) with the final sum replaced by
(118) i (E(&z+t—l)r+t + 25(&:+t}r+4 + £(8¢+l+l)r+6) ’
the first term being absent if £ = 1. Furthermore,

(119) T,: first three equations as in (66"), 8§, ,i=—17i (i=1,---,7),
(120) 7 =-— $Epe—or+s — Hse-vrss + $sersi + Houeirre + $oirri

Finally, for ¢ = 4« + 3, the proof is quite similar to that in the preceding
case. Here t takes the further value « + 1. We obtain the same normalized
forms for L, and 7', except that now

(121) Tie = 3Eucsiy+s + the five terms of (120).

Furthermore,
(122) ‘T'x+1: 8Esgr+i = Tic+19 85(4;+1)r+¢ = =T (=1,.--5,7),
(128) Ticsr = — Euersi + $burss + Euctrrer

923. Since the linear groups exhibited in § 22 are direct products of r similar
groups, it suffices to know the character of the component groups. We shall
list the quadratic invariants of the groups for the case r =1, assuming still
that the field has neither modulus 2, nor a modulus dividing ¢. Set

(124) f=E+EB+IBE+E+EHIE++ B+ b+ 3
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Then the only quadratic invariant of the group is
f + %13‘+1 + E3x+l E3x+2 + ﬁwz + Es.c+zfsx+s + ?s;ﬂ + e

125) (g=4«),

( + Bz + Ena b + E

(126) torms of (125) + £,._, £ + £ (g=4e+1),

(121 S+ &+ e+ Eiobois + Bpa + - (= ixt2),
+&+E b+ B+ EE 3

(128) terms of (127) + 2§, ., &, 12 + 8E. .. (g=4x+3).

The discriminant of the quadratic invariant is 2'|P|, where I = 2« in the
first two cases and /=2« + 1 in the last two; while, for ¢ =4«, P is the
matrix (57) of order x —1; for ¢ =4« + 1 and 4« 4 2, P is the matrix of
order x defined at the end of §§14 and 15; and for ¢ = 4x 4 8, P is the
matrix (96) of order « + 1. The matrix of the discriminant therefore reflects
an essential property of the group. In each case the discriminant is not zero.

24. In conclusion, we consider briefly the normalization of our linear groups
for the case of fields having a modulus p(p > 2) which divides ¢. It is no
longer true that, for a given value of r, the groups are all equivalent under
linear transformation. For simplicity, we consider only the case in which the
number of variables is the minimum (¢ — 2)r.

Let first ¢ = 4c. Then by hypothesis x = (# — 2)r, and the modulus
divides . Matrices A" and B*, defined at the end of §13, are now square
matrices of order u = (x — 2)r, and each has its determinant 4 0 by (59°).
Hence in (98) and (99) we may take (A,) = (B*)~". After this normalization,
we have B*= 1. Now by (59),

AB’=N=( .....

where P’ is derived from P, given by (57), by deleting the last column. Hence
A =N. The B,,_, are now uniquely determined by (59). Set

B(x—z)(l—l)+v,k,x—l=b’ (6, k=1,-,r;0=1,..-,x—2),

Then
2, +b=0, b +2+b=0,..., b_,+2 +b, =0,
bx—s + 26.:—2 = Oy b‘_2= 28u-

Since the eliminant of these x — 1 equations is | 2|, a multiple of the modulus,
there is a unique set of solutions:

b= (= 1y~"(k—v)3,.




148 L. E. DICKSON: SYMMETRIC GROUPS

Proceeding similarly when ¢ =4« + 1, ..., 4x + 8, we obtain the

THEOREM. When the field F has a modulus p(p > 2) which divides ¢, all
linear homogeneous groups, which are simply isoncorphic with the symmetric
groups on q letters, and whick affect the minimum number (¢ — 2)r of variables
under the hypothesis of § 11, are equivalent under linear transformation in F
to a direct product of r cogredient linear groups with fixed coefficients.

It is sufficient to exhibit one of the component groups. Hence we set r=1.

For g =4k, L,(t =« — 2) is defined by (112) for r = i = 1, with the first
term of (113) deleted if £ =1, and the last term if ¢=x— 2. Also

(129) L, : 8, =8, ;=7,_,, 8, ,=8,=—r7,_,, sfsx+j=(—1)‘_jj7‘-)
(J=1,--+, x—2),
(130) Teor = — 3bas— $bses + 5o + 26 + HEie-

For ¢ =4« + 1, L, is given by (112) for r =¢ =1, with the suppressions
noted on (118), while

(181) T.: &8, =8 =17, & =—(—1y74r, (i=1,---,x—1),

(132) T, = — $&1 — 3a + Fieen-

For ¢ =4« + 2, L, is given by (117) for r = i =1, with the first term of
(118) suppressed if ¢ =1, and the last term if t=«x — 1. Also
(183) T, : 8k, =0k, =", O =—"7s 8§sx+.1=,(_1)‘-j(2j"‘2)73 (J=2,-+ %),
(134) 7= — 31 — s + B + 2o

Finally, for ¢ =4« + 3, L, is given by (117), with the first term of (118)
suppressed if ¢ =1; 7, is given by (119), while
(185) T 1t O&si1="Tetrs 8, 45 — (1)@ =) T (§=2,--, x+1),
(136) Ter1 = — $seps + ¥pera-

We may now show that in the present case for which the modulus divides ¢,
the quadratic invariant of the group is obtained from the invariant when the
modulus is prime to ¢ by suppressing the final two terms. For instance, if
g=4c + 1 the invariant is (125), if ¢ = 4« + 3 the invariant is (127).
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